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Abstract
In this paper we establish a generalized Minty’s lemma for generalized vector equilibrium problems. Some existence results for
generalized vector equilibrium problems are derived by employing this lemma.
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1. Introduction and preliminaries
Let X and Y be real Banach spaces with norms ‖ · ‖X and ‖ · ‖Y , respectively. Let L(X, Y ) denote the space of all
bounded linear mappings from X into Y . We denote by (l, x) the value of l ∈ L(X, Y ) at x ∈ X . Let K be a nonempty
closed convex subset of X and T : K → 2L(X,Y ). Let C be a set-valued mapping from K into 2Y such that C(x) is a
proper (i.e., C(x) = Y ) closed convex cone of Y which is solid, i.e., int C(x) = ∅, for each x ∈ K . The generalized
vector variational inequality problem (in short, GVVIP) is to find x¯ ∈ K such that
∀y ∈ K , ∃t ∈ T (x¯) : (t, y − x¯) ∈ −int C(x¯).
This problem was introduced by Lin et al. [8] and was further studied by Konnov and Yao [6]. We observed that
Minty’s lemma played an important role in the study of variational inequalities, vector variational inequalities and
generalized vector variational inequalities. See, e.g., [3,4,6–8,10] and the references therein.
In this paper we will study the following generalized vector equilibrium problem. Let A : L(X, Y ) → L(X, Y )
and Θ : L(X, Y ) × K × K :→ Y . The generalized vector equilibrium problem (in short, GVEP) is to find x¯ ∈ K
such that
∀y ∈ K , ∃t ∈ T (x¯) : Θ(At, y, x¯) ∈ −int C(x¯).
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When Θ(At, y, x) = 〈At, η(y, x)〉 where η : K × K → K , the above problem was considered and studied by
Ansari [1]. When Θ(At, y, x) = 〈At, y − x〉 where η : K × K → K , the above problem was considered and studied
by Huang [5].
We will first establish a generalized Minty’s lemma (Theorem 2.1) for the generalized vector equilibrium problem
defined above. Then we will derive an existence result for the GVEP (Theorem 2.2) by employing the generalized
Minty’s lemma.
Now we give some definitions and results which are useful for our the rest of this paper.
Definition 1.1 ([11]). Let D be a nonempty subset of a topological vector space X . Then a multifunction F : D → 2X
is called a KKM-map if for each nonempty finite subset N of D, coN ⊆ F(N), where co denotes the convex hull and
F(N) = ∪{F(u) : u ∈ N}.
Lemma 1.1 ([2]). Let D be an arbitrary nonempty subset of a Hausdorff topological vector space. Let the multivalued
mapping T : D → 2X be a KKM-map such that F(u) is closed for all u ∈ D and is compact for at least one u ∈ D.
Then
⋂
u∈D F(u) = ∅.
Lemma 1.2 ([9]). Let (X, ‖ · ‖) be a normed space and H be a Hausdorff metric on the collection C B(X) of all
nonempty bounded closed subsets of X, induced by a metric d in terms of d(u, v) = ‖u − v‖ which is defined by





v∈D ‖u − v‖, supv∈D infu∈A ‖u − v‖
)
for A and D in C B(X). If A and D are compact sets in X, then for each u ∈ A there exists v ∈ D such that
‖u − v‖ ≤ H (A, D).
2. Main results
In this section we first state and prove the following generalized Minty’s lemma for generalized vector equilibrium
problems.
Theorem 2.1. Let X and Y be two real Banach spaces, D be a nonempty closed convex subset of X and {C(u) : u ∈
D} a family of closed convex solid cones of Y . Let T : D → 2L(X,Y ) be a nonempty compact-valued multifunction
such that for any u, v ∈ D,
H (T (u + λ(v − u)), T (u)) → 0 as λ → 0+
where H is the Hausdorff metric defined on C B(L(X, Y )). Let Θ : L(X, Y ) × D × D → Y be an operator. Suppose
that the following conditions hold:
(i) A : L(X, Y ) → L(X, Y ) is a continuous mapping;
(ii) Θ(Atλ, vλ, vλ) ∈ C(u) for each tλ ∈ T (vλ) where vλ := u + λ(v − u) for each u, v ∈ D and λ ∈ (0, 1);
(iii) Θ(wλ, v, vλ) → Θ(w0, v, u) as λ → 0+ for each {wλ} ⊆ L(X, Y ) with wλ → w0 where vλ := u + λ(v − u)
for each u, v ∈ D and λ ∈ (0, 1);
(iv) the operator u → Θ(At, u, v) of D into Y is affine for each v ∈ D and t ∈ T (v);
(v) for each (v, u) ∈ D × D, the existence of s ∈ T (u) such that
Θ(As, v, u) ∈ −int C(u)
implies
Θ(At, u, v) ∈ int C(u)
for all t ∈ T (v).
Then the following are equivalent:
(a) there exists a u0 ∈ D such that
∀v ∈ D, ∃s ∈ T (u0) : Θ(As, v, u0) ∈ −int C(u0);
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(b) there exists a u0 ∈ D such that
Θ(At, u0, v) ∈ int C(u0)
for all v ∈ D and t ∈ T (v).
Proof. Suppose that there exists a u0 ∈ D such that, for each v ∈ D, there exists s ∈ T (u0) satisfying
Θ(As, v, u0) ∈ −int C(u0). Then it follows from condition (v) that (b) holds.
Conversely, suppose that there exists a u0 ∈ D such that
Θ(At, u0, v) ∈ int C(u0)
for all v ∈ D and t ∈ T (v). For an arbitrary v ∈ D, letting vλ = λv + (1 − λ)u0, 0 < λ < 1, we have vλ ∈ D by the
convexity of D. Hence for all tλ ∈ T (vλ)
Θ(Atλ, u0, vλ) ∈ int C(u0). (2.1)
Since the operator u → Θ(At, u, v) of D into Y is affine for each v ∈ D and t ∈ T (v), we have
Θ(Atλ, vλ, vλ) = Θ(Atλ, λv + (1 − λ)u0, vλ)
= λΘ(Atλ, v, vλ) + (1 − λ)Θ(Atλ, u0, vλ).
Hence we derive
Θ(Atλ, v, vλ) ∈ −int C(u0). (2.2)
In fact, suppose on the contrary that
Θ(Atλ, v, vλ) ∈ −int C(u0).
Since −int C(u0) is a convex cone, we know that
λΘ(Atλ, v, vλ) ∈ −int C(u0).
Note that condition (ii) implies
Θ(Atλ, vλ, vλ) ∈ C(u0).
Thus we deduce that
(1 − λ)Θ(Atλ, u0, vλ) = Θ(Atλ, vλ, vλ) − λΘ(Atλ, v, vλ)
∈ C(u0) − (−int C(u0))
= int C(u0).
Therefore
Θ(Atλ, u0, vλ) ∈ int C(u0),
which contradicts (2.1). Hence
Θ(Atλ, v, vλ) ∈ −int C(u0).
Since T (vλ), T (u0) are compact subsets of L(X, Y ), by Lemma 1.2 for each tλ ∈ T (vλ) we can find an sλ ∈ T (u0)
such that
‖tλ − sλ‖ ≤ H (T (vλ), T (u0)).
Since T (u0) is a compact subset of L(X, Y ), without loss of generality we may assume that sλ → s ∈ T (u0) as
λ → 0+. Moreover, we have
‖tλ − s‖ ≤ ‖tλ − sλ‖ + ‖sλ − s‖
≤ H (T (vλ), T (u0)) + ‖sλ − s‖.
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Since H (T (vλ), T (u0)) → 0 as λ → 0+, so we have tλ → s. Thus from condition (i) we get Atλ → As as λ → 0+.
Furthermore, according to condition (iii) we have
Θ(Atλ, v, vλ) → Θ(As, v, u0) as λ → 0+.
Consequently, it follows from (2.2) and the closedness of Y \ (−int C(u0)) that
Θ(As, v, u0) ∈ −int C(u0).
This completes the proof. 
Next we derive an existence result of the generalized vector equilibrium problem by employing Theorem 2.1.
Theorem 2.2. Let X and Y be two real Banach spaces, D be a nonempty weakly compact convex subset of X and
{C(u) : u ∈ D} be a family of closed proper convex solid cones of Y . Let T : D → 2L(X,Y ) be a multifunction,
Θ : L(X, Y ) × D × D → Y be an operator and W : D → 2Y a multifunction defined by W (u) = Y \ (−int C(u))
such that the graph Gr(W ) is weakly closed in X × Y . Suppose that the following conditions hold:
(i) A : L(X, Y ) → L(X, Y ) is a continuous mapping;
(ii) Θ(Atλ, vλ, vλ) ∈ C(u) for each tλ ∈ T (vλ) where vλ := u + λ(v − u) for each u, v ∈ D and λ ∈ (0, 1);
(iii) the operator u → Θ(w, u, v) of D into Y is weakly continuous for each (w, v) ∈ L(X, Y ) × D;
(iv) the operator u → Θ(At, u, v) of D into Y is affine for each v ∈ D and t ∈ T (v);
(v) for each (v, u) ∈ D × D, the existence of s ∈ T (u) such that
Θ(As, v, u) ∈ −int C(u)
implies
Θ(At, u, v) ∈ int C(u)
for all t ∈ T (v).
Then there exists u0 ∈ D such that
Θ(At, u0, v) ∈ int C(u0)
for all v ∈ D and t ∈ T (v).
Moreover, if T is a nonempty compact-valued multifunction satisfying the following conditions:
(vi) for any u, v ∈ D,
H (T (u + λ(v − u)), T (u)) → 0 as λ → 0+;
(vii)Θ(wλ, v, vλ) → Θ(w0, v, u) as λ → 0+ for each {wλ} ⊆ L(X, Y ) with wλ → w0 where vλ := u + λ(v − u)
for each u, v ∈ D and λ ∈ (0, 1);
then there exists u0 ∈ D such that
∀v ∈ D, ∃s ∈ T (u0) : Θ(As, v, u0) ∈ −int C(u0).
Proof. Define F1 : D → 2D by
F1(v) = {u ∈ D : there exists s ∈ T (u) such that Θ(As, v, u) ∈ −int C(u)}, ∀v ∈ D.
Then F1(v) is nonempty for each v ∈ D since v ∈ F1(v). We claim that F1 is a KKM-mapping on D. Suppose that




αi ui ∈ F(ui ), for all i.
Then for any s ∈ T (u),
Θ(As, ui , u) ∈ −int C(u),
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for each i = 1, 2, . . . , n. Thus we have
Θ
(






for each j = 1, 2, . . . , n. From the affinity of the operator























By the condition (ii)
Θ(As, u, u) ∈ C(u) ∩ (−int C(u)).
Hence 0 ∈ int C(u), which contradicts C(u) = Y . Therefore F1 is a KKK-mapping on D.
Now let us define F2 : D → 2D by
F2(v) = {u ∈ D : Θ(At, u, v) ∈ int C(u),∀t ∈ T (v)}, v ∈ D.
Then by condition (v), F1(v) ⊆ F2(v) for each v ∈ D.
For any v ∈ D, we will show that F2(v) is weakly closed. Indeed let {uλ} be a net in F2(v) such that {uλ} converges
to u weakly. Since uλ ∈ F2(v) for all λ, we have for all t ∈ T (v)
Θ(At, uλ, v) ∈ −int C(uλ). (2.3)
By condition (iii), we conclude that for each t ∈ T (v)
Θ(At, uλ, v) → Θ(At, u, v).
From (2.3) and the weak closedness of Gr(W ), we get
Θ(At, u, v) ∈ int C(u).
Therefore u ∈ F2(v) and so F2(v) is weakly closed.
Since D is weakly compact, so is F2(v) for all v ∈ D. Hence, by Lemma 1.1⋂
v∈D
F2(v) = ∅.
Therefore there exists a u0 ∈ D such that
Θ(At, u0, v) ∈ int C(u0)
for any v ∈ D and t ∈ T (v).
Suppose further that T is a nonempty compact-valued multifunction such that for any u, v ∈ D,
H (T (u + λ(v − u)), T (u)) → 0 as λ → 0+
and conditions (vi), (vii) hold. Then it follows from Theorem 2.1 that there exists a u0 ∈ D such that
∀v ∈ D, ∃s ∈ T (u0) : Θ(As0, v, u0) ∈ −int C(u0).
This completes the proof of Theorem 2.2. 
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